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AN APPROXIMATE METHOD OF CATCULATING THE ANGLE

OF ATTACK RESPONSE OF THE C-1 VEHICLE FROM
~WINDS MEASURED PRIOR TO LAUNCH

SUMMARY

The obJject of this paper is to derive a quick approximate method
of calculating the angle of attack response of the C-1 to winds meas-
ured prior to launch. This is accomplished by reducing the equations
of motion of the vehicle in the presence of a wind to a forced single
degree of freedom system. The solutions are presented in a systematic
tabular form and a sample wind profile is analyzed.

INTRODUCTION

The present procedure for obtaining the "a q" of a vehicle from
the launch winds at Cape Canaveral is to teletype the wind data to a
remote computer. There they are fed into a five-degree of freedom
computer procedure and the resulting "o q" is determined. The maximum
value thus obtained is compared with an allowable value and a "go" or
"no-go" signal is sent back to the Cape.

It is the purpose of this paper to derive a guick, independent
method of calculating the angle of attack response (and thus "o q")
of the C-1l to launch winds. This approximate method will serve as a
check of the computer analysis. Such a method was derived for the
Mercury-Atlas flights by Mr. George A. Watts and Miss May T. Meadows
of M.S.C. and this method is herein adapted to the C-1 vehicle.

This method of analysis is a useful tool for preliminary studies
involving vehicle response to launch winds. Reference 1 is one example
of the varied usage of this technique. In that reference, the method
is used together with a statistical wind study to predict the monthly
launch probabilities of the C-1 from Cape Canaveral.



SYMBOLS

time varying coefficient

thrust minus axial drag, 1b
coefficient in wind response matrix
time varying coefficient

time varying coefficient

aerodynamic normal force coefficient per unit o,

time varying coefficient
base of natural logarithm

external forces, 1lb

_vector component, defined as used, ft/sec

forcing function in u direction, ft/sec
forcing function in v direction, ft/sec

acceleration due to gravity, ft/sec2
vector component, defined as used, ft/sec
moment of inertia, ft-1lb-sec

constant = 10 ft/sec

vector component defined as used, ft/sec

normal force per unit «, 1b/rad.

acceleration normal to vehicle, ft/sec2
dynamic pressure, psf

reference area, ft

Py

3

rad




< '_j‘>< MooM X = 4

a

w

thrust of gimbaled engines, 1b
time, sec
X = change in X due to wind, ft/sec

wind speed, ft/sec

vehicle forward velocity, ft/sec

AY = change in ¥ due to wind, ft/sec

vehicle weight, 1b

distances along launch azimuth parallel to ground, ft
distance from station O to center of gravity, ft

distance from station O to center of pressure, ft

distance from station O to engine gimbal point, ft
distance normal to ground, ft

angle of attack, deg

angie between lateral velocity and vertical direction, deg

root of equation
vehicle pitch attitude, deg

o, 1

VW sec

engine deflection angle, deg
SUBSCRIPTS

initial value
Mode A

Mode B
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n, n+ 1, layer numbers
n-21

r resultant value

W with wind

ASSUMPTIONS AND THEORY

Listed below are the important assumptions and approximations used
in this paper.

1. Angle of attack due to the wind is approximated by wind speed
times the cosine of the flight path angle divided by vehicle speed along
the flight path.

2. The change in the horizontal and vertical components of vehicle
velocity due to the wind are small compared to the vehicle's forward
velocity.

3. Deviations from the programed attitude of the vehicle are
negligible.

4. The time varying coefficients in the equations of motion do
not vary significantly within altitude increments of 5,000 feet.

5. The wind profile is approximated by step functions taken in
5,000 foot increments, starting at a certain altitude and continuing to
an infinite altitude, (see fig. 9).

6. The wind profile to be analyzed may be approximated adequately
by 5,000 foot altitude increments.

T. The velocity along the flight path, and hence the dynamic
pressure, is not appreciably affected by the wind. '

THECRY: The accelerations in the X and Y directions on the C-1

launch vehicle in the presence of a wind (subscript W) in the pitch
plane are given on the following page.

‘w
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Xw=%AtSIn@+§Nor, U—)‘w-t- gCUS/W)Luou
W v

u
e — - + i -
Yw=gAt cos @ —g N (@ e g cos 7W> sin @ — g

Similar expressions can be written for the no wind case (no subscript):

. e g
X=8na sine+EN_ (0-7)cos ®
_8 _enw Co— Nasin 6

Y—W-Atcos@) wNﬁ(@ 7)s1n@ g
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Then to obtain the acceleration in the X direction due to the

wind alone (AX)it is only necessary to subtract the no wind accelerations
from the accelerations with wind:

. .e .a u
AX=XW-X=%NOL[—%cosyw—(yw—w>]cos® (1)

Similarly for AY:

£|012

AY = Yw -Y = [:E% cos 7, - (7w - 7)] sin © (2)

These equations show that the horizontal and vertical accelerations
due to the wind are a function of the wind speed and the deviation in
flight path angle. In order to solve these differential equations it
will be necessary to relate the deviation in flight path angle to the
X and Y directions. An approximate relatiohsip is:

7w—7 =Q'(cosy—&sin1

v

&(COS')‘
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This expression is wvalid if AX and AY are small compared to V. For
this reason either Vw or V and 7W or 7 could be used in the equation.

Since V and y are known they are used and no subscripts will appear from
here on. Making this substitution for 7, —7 in equations (1) and (2)

yields:

3 :
. _ g Yy . .
JAV.4 WNc{lcos @[Vcos7—AXco‘s,z+AY31\r;i]

L) u . .
A = %-Na sin © [}-4% cos 7y + X cos y — AY sin {}
' v v

This shows, unfortunately, that X and Y are not independent.
However, since we are interested in velocities only, it is possible to
reduce the equation to a first order differential equation with time
varying coefficients forced by the wind velocities.

By letting u = AX, v = AY and &, B, C, D be the time varying
coefficients, the equations reduce to:

%%=—Cu+1}v+ fu(t) (3)
&V _ py — By — £ (%) (1)
dt v

The fu(t) and fv(t) are the forcing functions. In order to solve

this set of differential equations A, B, C, and D are assumed to be
canstant over a finite increment of time (altitude layer) and the
solution for a typical increment follows. The complementary solution
may be found by letting the forcing function equal zero:

du . _
3t + Cu-Dv =0 (5)
av _
dt‘-—Au+Bv—O (6)




Assuming the form of the solution to be:

Then:

ot - v eBt
u=u_ e , V=V
du _ 5t  dv _ ot
Frlie Buo €, It Svo e

So (5) and (6) become:

1]
o

du_ + Cu_ - Dv
o} o o

It}
o

v — Au_ + Bv
o) o o)

The above equations may be written as:

Solving for &:

Where:

5 + B A v

]
(@]

-D 5+ C u

(8 +B) (8+C) —AD =0

82+(B+C)6+BC—AD=O

\ D
8 = _.ﬁﬁﬁglll + “\/KEL%%JZL_ + AD — BC

&

élgz

- &l

&
VW

sin ©® cos ¥

sin © cos sin

(n

(8)



eN_
c = 7 cos ® cos Y
eN,
D = 7w ©°s ® sin 7y
eN_ o ( '
fu(t) = —57 o8 © cos ¥ u, t)
eN
I
fv(#) w7 sin © cos ¥ ug(t)
‘ gN
Also let € = W
Then:
5 = —% (sin @ sin y + cos © cos ¥)
2

* % (sin © sin 7y + cos @ cos 7)2

V + §2(sin ® cos 7 cos @ sin 7 — sin © sin 7 cos © cos 7)

S = ‘.g- [(sin ® sin 7 + cos @ cos ¥) * (sin © sin y + cos © cos’y)]

Therefore:
8 ==5 (sin @ sin ¥ + cos ® cos 7) = — § cos (® - 7).
And
3=0
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Then the complementary solutions are:

- gNa )
u=u e W ©os (& -7t
- > Mode A
~Td cos (& = y)t
v=ve y,
and for & = 0:
Y
u=u
o)
Mode B v
V= vo OB' /
A Resultant
// Velocity
u X
°B

Since for the B mode u = uO and v = vo, the resultant velocity will

lie along the flight path. The A mode direction would normally be
expected to be perpendicular to the B mode direction, however, it will
be shown to be normal to the vehicle axis. This is indicated by the
cos (@ — 7) term in the A mode solution.

Fach mode is independent.of the other and two independent differential
equations may be found which can be forced independently. That is Vs is
directly related to u, so both u and v can be forced at the same time
for each mode. This relationship can be fcound by substituting

5 = —& (sin ©® sin ¥ + cos ® cos 7) (Mode A) into equations (7) and (8):

S




E— € (sin © sin ¥ + cos ® cos ) + § sin O sin 7] v, - € sin © cos ¥ u = 0
and

(- € cos ® sin.y) v, - §[Zsin ® sin ¥ + cos ©® cos 7) — € -cos © cos i]uo =0

0 (9)

— cos © cos ¥y v, - sin ©® cos ¥ uo

H
(@]

— cos @ sin 7 v, - sin @ sin ¥ u (10)

thus from (9) and 10):

vb = vO tan ©
A A
where éubscript A
means A mode
Y%
A
Y
7 /:I
Vo Resultant
A Velocity

In other words, the resultant velocity is normal to the vehicle
axis.

The relstionship between u, and v, for mode B may be found by
substituting & = 0 into equations (7) and (8):



Cu -Dv =0
v
g
- Au +Bv_ =20 ' .. Resultant
o © Velocity
or
Yo
_B_A_C _cosy _
w B D siny cot y
°B

Thus the resultant wvelocity vector for mode B is along the flight path.

Up to this point only the complementary solutions to the equations
have been used. Now it is necessary to consider the forcing function.
Examining the physical situation, it is seen that only accelerations
normal to the vehicle due to the wind will affect vehicle response.
Therefore, mode A is affected. Then u, may be substituted for u and — Uy

tan © for v in equation (L4):

dgA
— tan © 3%~ AuA + B (- u, tan @) = — fv(t)

substituting for the coefficients:

du gN gN
A, o (sin © sin 7 + cos © cos 7) u, = —= cos © cos 7 u
at T W AT W g(t) (11)

This is the forced single degree equation for the vehicle in one
layer. By letting ug(t) = K the particular solution of the equation is:

gNa K
cos © cos ¥ —
W X
Ya T %ﬁg (sin © sin y + cos @ cos ¥) ~ Tan ® tan 7 + 1
W




YRR =

Thus the general solution for mode A:

-8 cos (@ — 7)t

K

U T € . + tan © tan 7y + 1 (12)

It will be assumed that ug(t) is a step function starting when the

vehicle reaches a certain altitude and continuing to an infinite altitude.
The vehicle response is desired. The coefficients are time varying, but
they are assumed to be constant for 5,000 foot altitude layers. These
constants change discontinuously at the ends of each layer. The values
are for the middle of the altitude layer. The first layer is based on
zero initial conditions. The speed at the end of the first layer deter-
mines the initial conditions for the second layer and so on up to

70,000 feet (the limit of this investigation). The initial conditions
for the second layer are obtained by resolving u, at the end of the first
layer into the Uy direction of the second layer. The velocity in the

B mode direction does not change throughout the layer but must be con-
sidered along with the A mode velocity at the end of the interval when
finding the initial conditions for the third layer. This routine can be
understood by following the example in the Assumptions and Procedure
section of this paper.

Na’ the total normsl force due to angle of attack, will now be

evaluated:

\[( V\L\('\/\L ¥ Vv vquq




Sum of the forces normal to the vehicle:
W .. .
2F=§n=c .. Qs+ Tsin @

Sum of moments about the C. G.:

Using ¢ = sin ¢ (small angle approximation) and solving for TY
(14) becomes:

Cy + @ - qs(xcp-xcg)

e

TP = (X

Substituting (15) into (13):

Cy - @ as (ch‘Xcg)

;_I'r'l=CNacx,qs+ » cg XTj
= CN . gs ’: ( cg)
1o (Xcg - KI')

or

N =Cy - qs[(x (ch - X%)

a XT)
= CN as [ cp XT
x ~ %y

(13)

(14)

(15)

(16)




PROCEDURE

Trajectory data for the C-1 as of 1l April 1962, are presented on
figures 1 through 4. Figures 5 and 6 give data for the center of
gravity (C.G.), center of pressure (C.P.) and the normal force coeffi-
cient due to angle of attack (CN. ). These data along with the thrust
a
gimbal point location (XT = 100 in.) and a reference area (S = 360 ft2)

are used in the sample calculations that are to follow. NOL will be
calculated by equation (16).

Then for the first layer, sea level to 5,000 feet:

N = 6.% (70) (360) %55‘—:__}—_8%]
o5
- 165,700 2=

The Na calculations are similar for all altitude layers so this
sample will suffice. The NOL values are plotted together with the

corresponding weights, both vs altitude, in figure 7.

Response calculations will now be performed for the first two
altitude layers in a step by step procedure. The response to unit steps,
originating at each 5,000 foot layer and continuing to 70,000 feet, is
found. The analysis is then systematized into a tabular form and
presented in the Results and Discussion section of this paper.

For the first layer:

A:

From equation (12):

K

o, " Tan ® tan 7 ¥ 1




The final solution for the first layer is then (from (12)):

—gNdl .
cos (8 - 7) 1
K VlWl g
Yy T Tan ©, tan 7, + TVLl-¢e

Using K = 10 ft/sec as a unit step, starting at sea level and
extending to infinity:

For the first layer, O to 5,000 feet:

K, = 10 ft/sec “\

® = 3.2 deg
71 = 2.3 deg
> Mid~layer values from flgure 1
N, = 165,700 1b/rad through k.
1
v, = 265 ft/sec
W, = 1,005,000 lbs J
-32.2 x 165,700 (cos .9°)%1
u _ 10 1-e 265 X 1,005,000
Ay tan 3.2° tan 2.3° + 1

t
I

at 5,000 feet t. = 27.6 seconds, then

1
u = .24k ft/sec
A
1
and V = =u tan ©
Al ) Al
= k.24 (.0559)
v = -.,238 ft/sec
Al
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For the second layer, 5,000 to 10,000 feet, the velocity vector
due to the wind at the end of the first interval is normal to the
vehicle body. In the second layer this velocity vector becomes the
"initial" velocity and is resolved into two directions; one along the
flight path (mode B which will be ignored until the third layer) and
the other normal to the new vehicle attitude, © (mode A).

Velocity along
flight path

Velocity normal
to vehicle

In general let v represent the velocity vector of the vehicle due
to the wind at the beginning of a new altitude layer at angle P from
the vertical.

Then:

-]

£ - B)

v sin (y + 90

v cos (7 + 90° - B)

4

e
Therefore velocity normal to the vehicle

k

= cos i@ - 75

k tan (® - 7)

=
il

and f+h

v sin (y + 90° - B) + v cos (¥ + 90 - B) tan (@ - )  (18)

velocity along flight path
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Since B mode velocity is assumed constant over the next interval
(n + 1 interval), only the new value of A mode velocity must be found.
The uA velocity component of the A mode velocity is the initial
tn _
velocity of the n + 1 interval:

_ _kcos ® _vcos (y+90=~-B)cos®
Yo T cos (@ - 7) cos (@ - 7) (19)

n+l

T'or the second layer, 5,000 to 10,000 feet:

K, =k =10 ft/sec B

2
&, =9.7
Ty = 8.8°
> Mid-layer values from figure 1
N = 588,000 1b/rad through 4.
2
v, =508 rt/sec
= O
W, 24,000 1b y
And:
uAl = L.2h
‘\\\\l\i;gz\\;:L
v, = -.238
vy Ay
= Lh.24

90 + 3.2 = 93.2°

80 v, ® h.2h ft sec and B

From (19):

_L.2k cos (8.8 + 90 - 93.2) cos 9.7° )
u = cos (8.7° = 8.8°) = 4,17 ft/sec

Now éonsidering B mode velocity for the first time: B mode velocity =




h.24k sin (8.8 + 90 - 93.2) + cos (8.8 + 90 - 93.2) tan (9.7 - 8.8) =
.482 ft[sec. Then for this and subsequent layers the initial conditions
at the beginning of each layer give:

u =u s t = 0 (beginning of layer)

A
to
then from (12):
u =u - X
o) A tan g tan 7y + 1
A t
2
Therefore (12) becomes:
..gNaz
T, % (2 - 7) %
K 22
u Fu - 2
A2 At tan Cb tan 7o + 1 )e

2

%

tan @2"tan 7o * 1

-32.2 x 588,000
508 x 924,000

cos (9.7 - 8.8) t,

T 10
qu _'<h°17 " tan 9.7° tan 8.8° + l> e

+ 10
tan 9.7° tan 8.8° + 1

Since t2 = 9.9 sec:

* #*
u, = 6.00 ft/sec ( means at end of layer)

- .

* * .
v, =u, tan @, =- 6.00 (tan 9.7°) = - 1.026 ft/sec
A2 A2 2

‘~
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At this point 2 and $ should be evaluated.

¥ .48 = B mode velocity

EY)

6.00 = u;

1—1.026 = V
A

Resolving into horizontal and vertical components:

2

6.08
5.2°
v, .55
= 6.10°

p =90+ 5.2 =095.2°

For the third and subsequent layers a similar procedure is
carried out. Thus a value of the net vehicle response is found from
sea level to 70,000 feet for each 5,000 foot altitude layer. To con-
vert this to angle of attack, v and B are resolved to the nominal
trajectory at each altitude. The net angle of attack is then deter-
mined by:

_ 10 v sin (B - 7)
a == cos 7 - v

The 7 and V values used here are for the ends of the layers.

The angle of attack for the two altitude layers previously con-
sidered are then:

a at 5,000 feet due to a 10 fps step starting at S.L.:

-)4-.214- sin Ll?'g(-)2° - 6-10) - .Ol)"’gﬁ rad = ,816 deg

10 °
a = =5 cos 6.1
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and a at 10,000 feet due to a 10 fps step starting at S.L.:

95.2° - 115°
610

10 o .
@ = g5 cos 11.5° - 6.10 sin

.00614% rad. = .352 deg.

The angle of attack response to a 10 fps step starting at sea
level has thus been calculated up to 70,000 feet and appears as the
S.L. curve on figure 8. Similar curves are shown on this figure for
10 fps steps starting at each 5,000 foot level.

The triangular matrix presented in the Results and Discussion
section of this paper is derived from this figure. The values tabulated
are mid-layer values (read at 2,500 feet, 7,500 feet, et cetera).

As an example, the values tabulated in the first column of the

matrix are for a 10 ft/sec wind step starting at sea level and are
read from the sea level curve at the mid-layers; from figure 8:

Angle of attack

Mid-layer altitude response to 10 ft/sec
A step at S.L.
2,500 1.537
7,500 , 543
12,500 .255

The following explanation illustrates how the triangular wind
matrix is used to find the C-1 angle of attack response to a particular
wind profile. If the wind profile can be broken into a series of ver-
tical uniform profiles starting at each 5,000 foot level, then the
responses to the unit profile factored by profile speed gives the
response of the C-1 to the net wind when summed together (fig. 9).

Since the wind velocity given by the factored unit profiles is

only correct at the center of each altitude layer, the responses will
be assumed to be right there also.

”‘.




The general form of the matrix is:

u
1
— a
%11 10 1
. e .
821 22 - 10 2
u, - u
3 2. o
831 830 833 10 3
: u, -~ u
)
2y ®u2 %43 Bl 10 “
Where a5, means angle of attack at the 3rd layer (12,500 feet) due
to a unit 10 ft/sec wind starting at the 2nd layer (5,000 feet). The
u -u
column of —EL——T§%414L is the wind speed of the n layer minus the wind-

speed of the n - 1 layer all divided by 10. The resultant angle of
attack column is self explanatory. The angle of attack in this case

u - u
n-1

is the response of the C-l in the pitch plane and a 10 are of

course wind components resolved into the pitch plane.

It should be noted that this procedure yields angle of attack due
to the wind, the programed angle must be added to this to obtain the
net angle of attack.

The sideslip angle due to the wind may be found in the same way.
Since the slideslip component of the wind is usually small compared to
the pitch plane component, errors induced by using the pitch plane
matrix will not be very significant.

The resultant o is found by taking the square root of the sum
of the squares of the net angle of attack and angle of sideslip. The

n_.n

"ag" is then found by multiplying the resultant o by the nominal "q".
This is perhaps the biggest source of error in the method. Since "g"
iz generally smaller during a tailwind, this method usually gives a

conservative value of "ag'".

A step by step example will now be given for the wind profile
shown on figure 9. It will be assumed that the vehicle will be launched
directly downwind, otherwise an additional set of calculations would have
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4 -
y .

to be made for the angle of sideslip. Since the same procedure applies,
this assumption will be made. First the wind speed will be read and
u - u
1

n D~ = values calculated.

the 0

From figure 9:

Altitude layer,
1,000 ft

0-5
5-10

10-15

U - U
Mid-layer, | Mid-layer windspeed, | — lg -1

Tt Yn, fps fps

2,500 56 5.6

7,500 69 1.3

12,500 81 1.2
Now the response of the C-1 to wind will be calculated. Refer to

the table in the Results and Discussion section for "a" values.

Attitude layer,

Starting altitude of velocity step

1,000 ft 0 5 10
(u5 3 )
0-5 11 T
u5 _u u _u
5=-10 asy (___16_92 o (ngjﬂjiz)
(u5 _ %% Uy _ Yy U,- U
10-15 851 T> *ag, (T) +a, ( 15 = 10)

,



Then angle of attack due to wind (aw) for:

Sea level to 5,000‘feet

u u .
a, =a,y ('2—56“9) = 1.537 (5.6) = 8.607 deg

0-5

5,000 to 10,000 feet

o -a (“s_-_“9>+a22(“1c>_15u_5_)

W5—10 21 10

= .543 (5.6) + .885 (1.3) = 4.191 deg

10,000 to 15,000 feet

o ey, (lb_iau_lQL (M0 )+a Y5 - Yi0)

WlO-lS — 10

.255 (5.6) + .43 (1.3) + .65 (1.2) - 2.767 deg

and so on.

These responses due to the wind must be added to the programed
angle of attack. Since sideslip has been assumed to be zero, this
gives the resultant angle of attack which will be multiplied by the
appropriate dynamic pressure to give "a q":
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EoN

Altitude a due to Programed Resultant Nominal a
layer wind a o o] 4
0-5 8.607 .80 9.4%07 T8 T34
5-10 4,101 .50 4,601 o4l 1145
10-15 2.767 .20 2.967 392 1163

Values of "a q" for this profile have been calculated up to 62,500 feet
and are plotted on figure 10 vs altitude.

RESULTS AND DISCUSSION

Table I represents the results of this paper. Only this table and
the wind profile to be studied are necessary to quickly calculate the
angle of attack response of the C-1 vehicle (and hence "a q"). Since
sample calculations for a specific wind profile have already been pre-
sented, no further explanation of usage will be given here.

. This technique is useful for vehicle design studies, wind launch
probability predictions and other associated problems. However, it
should be emphasized that the assumptions made in deriving this method
should be thoroughly understood before attempting to apply it to a .
particular vehicle.
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Altitude ~ 1000 ft
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Figure 4,- Flight path angle, altitude and angle of
attack as a function of altitude for a typical
C-1 trajectory.
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Altitude ~ 1000 ft
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Figure 8,.- Angle of attack response of the C-1
to a 10 feet per second step wind profile
starting at various altitudes and continuing
to infinity,.




Altitude ~ 1000 ft
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